Suppose that A is an associative ring and that D is a set of derivations of A, a derivation of A being any function d on A such that d(a +b) = da + db, and d(ab) = (da)b + a{db) for all a,b EA, An ideal I of A is a D-ideal provided d(I)Cl for all d ED. A is D-prime provided HI -0 implies H = 0 or / = 0 for any D-ideals H and / of A. A is D'Semiprime provided A has no nonzero nilpotent Dideals.
A is D-semisimple provided there are no nonzero D-ideals contained in the Jacobson radical of A. A is D-simple provided A 2 ^ 0 and A has no proper D-ideals. Finally, A is said to be differentiably prime (resp. semiprime, semisimple, simple) provided A is D-prime (resp. semiprime, semisimple, simple) for some set of derivations D, hence for the set D = derA of all derivations of A.
The ring A is D-prime if and only if the left (right) annihilator of a nonzero left (right) D-ideal is zero. Another equivalent is that if (δa)b(δ'c) = 0 for all products δ, δ' of derivations in D, and for every b E A, then a = 0 or c = 0. Other easy consequences of the definitions are that differentiably prime implies differentiably semiprime, and that differentiably simple implies differentiably prime.
It is straightforward to show, using arguments suitable for prime rings, that every differentiably prime ring has characteristic zero or a prime number. If A is a differentiably prime ring of characteristic zero, and satisfies a suitable chain condition (Corollary to Lemma 2 in §2 below), then A must be a prime ring. This is analogous to the fact that a differentiably simple ring of characteristic zero with a minimal ideal must be simple [3, Corollary to Thm. 4] . The ring Q is a total ring of left quotients for the ring A provided A C Q, every nonzero-divisor (regular element) in A is invertible in Q,
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and each q G ζ) can be written q = b~λa for some a,b ELA, with b a regular element in A. It will also be said that A is a subring and left order in Q. A has a total ring of left quotients if and only if A satisfies the (left) Ore condition: a,b G A with b regular implies there exist c,e G A with e regular such that ea = cb.
The following fact is crucial to the main theorems of this paper: Suppose that A has a total ring of left quotients Q, and that d is any derivation of A. Then d extends in a unique fashion to give a
x a + b~\da). To prove this, it must be shown that d is well-defined, additive, and obeys the product rule on Q. This is tedious, but can be done using the Ore condition and the definition of d. Note that db~x = -b~\db)b~\ which will be found to be necessary if d is applied to both sides of the equation b'
x b = 1, and one solves for db~\ If A has a total ring of left quotients Q and D is a set of derivations of A, let D = {d | d G D} where d is the extension to Q as above.
A is a left Goldie ring provided A has no infinite ascending chain of left annihilators, and no infinite direct sum of left ideals. The two main theorems of this paper can now be stated. The proofs are in §2. THEOREM A differentiably simple ring Q with a minimal ideal is either simple or there exists a simple ring S of prime characteristic, and a positive integer n, such that Q = 5®JB n where the tensor product is over Z p (p the characteristic of S) and B n denotes the (commutative associative with unit) truncated polynomial algebra Z P [X X , -,X n 
, by [1, Main Theorem] . Hence Q is Artinian if and only if 5 is. An example of a differentiably prime, but not prime, ring would be one of the form P(g)B n where P is a subring and left order in 5.
A differentiably semisimple, left Artinian ring Q is a direct sum Q = Q\ Θ ' * Θ Qk where the Q t are differential ideals of Q and each Q, is a differentiably simple, left Artinian ring [1, Th. 8.2, Cor. 8.3] . Using this expression for Q and the type of example used for a differentiably prime ring in the previous paragraph, one can construct examples of differentiably semiprime rings which are not differentiably prime.
The left orders in a simple Artinian ring are characterized in the Faith-Utumi Theorem. In analogy, it could be asked whether a differential subring and left order in 5®B« need be of the form P 0 B n where P is a subring and left order in S. The following is an example, for any prime characteristic p, of a commutative differential subring and order A in a differentiably simple Artinian ring of the form B^E), where E is some field of characteristic p, such that A is not of the form β,(/) for any subring / of A which is an integral domain consisting of differential constants of A.
Let B = Z p [u,v] , the polynomial ring in commuting indeterminants u and v, and let A = B [(u/v) Then AaΠLbCN since if y eAa D_Lb, then y = ua = vb or v EM Γ)L CN, thus y = vb E N. But Aa = A α is essential in A by [2, Lemma 7.2.3, p. 174] , since a is regular in A, and A is a prime Goldie ring. Hence Lb C N. Since b is regular in A, L C N. Therefore M is an essential left ideal in A, hence there exists a c"6M with c regular in A by [2, Lemma 7.2.5, p. 175] . Thus there exists a c regular in A such that cb = ea for some e E A.
Next, the above is used to show that the full Ore condition holds for A. Suppose a,b E A with b regular in A. Since A is a prime Goldie ring, and hence satisfies the Ore condition, there exist e, c in A with e regular in A, so e is regular in A, such that ea = cb or ea = cb + n for some n EN. Let w = c -£, and write ea -ub + (eb + n). Now (eb + ft) + N = d? + N is regular in A so eb 4-n is regular in A. Using the preceding paragraph, there are r, s in A with r regular in A such that r(eb + n) = sb. Hence rea = rwb + r(eb + n) = rab + sb = (ru + s)b or (re)α = (ru + s)b which gives the Ore condition since re is regular in A.
( If /^ Q then / contains only non-invertible elements of Q. From the statement Q = / + N x it will be shown that no element of Q is invertible, which is not possible, hence I = Q. Now suppose that x E / + NΊ is invertible in Q, /y Q. Write JC = a ~'b + n where n e NΊ and 0 " ! fe E /. Since α ~λb is not invertible, fo is not regular in A. So there exists a nonzero z in A such that bz = 0 or zb = 0. The element αx = b + an must also be invertible. Using bz = 0, axz = anzEN ] .
Since ax is invertible, z E Ni. Let z* be the smallest nonzero power of z such that anz k = 0. Then axz k = bz k + anz k = 0, which is impossible since ax is invertible and zVO. A similar argument can be given for the case zb = 0. Hence no element of / + N, can be invertible if Iφ Q.
(v) Q is left Artinian. This will be proved by showing that Q has a minimal ideal. For in that case Q is a differentiably simple ring with a minimal ideal. Thus by [1, Main Theorem] , Q must either be simple, or there exists a simple ring S of prime characteristic and a positive integer n such that Q = S (g) B n . If Q is simple, then N = N, = 0, so Q = Q/0~Q(A 10) is left Artinian since in this case A is a prime ring. On the other hand, if Q = S 0B n , then S = Q/N,, so S is Artinian by (iii), and so Q = S 0 B n is also left Artinian.
It can be assumed that Q is not simple. Hence H = {q E(?|Niq = 0} contains a nonzero element m. Then QmQ is a nonzero left Q/N,-module using the action qy = qy for all q E Q, y E QmQ. This action is well-defined since N x (QmQ) = 0. Moreover, the Q/N,-submodules of QmQ are just those left ideals of Q contained in QmQ. QINi is a simple, left Artinian ring, so QmQ is a completely reducible left Q/N,-module. Hence QmQ is a direct sum of minimal left ideals of Q. But Q contains no infinite direct sum of left ideals since A does not. Hence QmQ is a finite direct sum of minimal left ideals of Q, so QmQ is an Artinian left QIN r module. Therefore, QmQ, being an ideal of Q itself, must contain a minimal ideal of Q. Now assume the hypotheses on Q and A stated in the converse of the theorem. Then A is D-prime by an argument similar to one that can be given to show that a subring and left order in a simple Artinian ring must be prime, as in [2, Thm. 7.2.3, p. 177] . That the nil radical N of A is nilpotent, and that both A and A IN are Goldie rings follows from [4, Part II, §2] . Since Q is left Artinian, Q satisfies the descending chain condition on left annihilators, hence so does A since A is a left order in Q. Thus A satisfies the ascending chain condition on right annihilators. This shows that A must satisfy all of the chain conditions used in the first part of the theorem.
Proof of Theorem 2. If
A is a D-semiprime, left Noetherian ring then, using Lemma 1 and [4, Part II, §1] , A has a left Artinian total ring of left quotients Q.
To show that Q is D-semisimple, suppose that H is a D-ideal of Q contained in the Jacobson radical of Q. Since Q is left Artinian, the Jacobson radical of Q is nilpotent. Thus if is a nilpotent D-ideal of Q. Hence HΠA is a nilpotent D-ideal of A, and so HΠA = 0. Consequently, H = 0, and thus Q is D-semisimple.
For the partial converse, assume that A is a D-closed subring and left order in the D-semisimple, left Artinian ring Q, and let D = {d \ A I d E D}. Then Q = Q, 0 0 Q k where the Q f are ύ-ideals of Q and D-simple rings, by [1, Thm. 8.2, Cor. 8.3] , so that any i)-ideal of Q must be a sum of some of the Q, . To show now that A must be D-semiprime, use an argument just like one that can be given to show that a subring and left order in a semisimple, left Artinian ring must be semiprime [2, Thm. 7.2, p. 177] , only using differential ideals instead of ordinary ideals.
